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The mass-generation mechanism is the most urgent problem of the modern particle
physics. The discovery and study of the Higgs boson with the Large Hadron Collider
at CERN are the highest priority steps to solve the problem. In this paper, the
Standard Model Higgs mechanism of the elementary particle mass generation is
reviewed with pedagogical details. The discussion of the Higgs quadric self-coupling
λ parameter and the bounds to the Higgs boson mass are presented. In particular, the
unitarity, triviality, and stability constraints on the Higgs boson mass are discussed.
The generation of the finite value for the λ parameter due to quantum corrections
via effective potential is illustrated. Some simple predictions for the top quark and
the Higgs boson masses are given when both the top Yukawa coupling and the Higgs
self-coupling λ are equal to 1.
I. INTRODUCTION
One of the highest priorities of particle physics today is the discovery of the dynamics re-
sponsible for Electro-Weak Symmetry Breaking (EWSB) [1]. In the Standard Model, nowadays
the main working paradigm of particle theory, this dynamics is expected due to self-interactions
of special complex scalar fields. This approach predicts the existence of one physical elementary
scalar, the so-called Higgs boson [2, 3]. A search for and the discovery of this still-escaping
boson, and investigation of its properties are practical steps to solve the problem of EWSB
which are currently planned to perform with the Large Hadron Collider (LHC) and in future
with the International Linear Collider (ILC).
The modern Standard Model (SM) of particle physics is a unified framework to describe
electromagnetic and weak interactions between quarks and leptons together with strong inter-
actions between quarks (see, for example, [4]). It is the Yang-Mills theory based on the elec-
troweak symmetry group SU(2)L×U(1)Y of Glashow, Weinberg, and Salam [5–7] and strong
SU(3)C group of QCD [8–11]. This model (before the electroweak symmetry breaking) has
2only matter and gauge fields. The matter fields are composed of three generations of fermions
(spin-1/2), left-handed and right-handed quarks and leptons, fL,R =
1∓ γ5
2
f . It is crucial for
our consideration that the left-handed fermions are in the weak SU(2)L isodoublets, while the
right-handed fermions are weak isosinglets. Moreover, both left- and right-handed quarks are
triplets under the SU(3)C group, while all leptons are color singlets. The gauge fields mediate
the above-mentioned interactions and correspond to the (spin-1) bosons. In the electroweak
sector, the field Bµ corresponds to the U(1)Y group and the three fields W
1,2,3
µ correspond to
the SU(2)L group. There is also an octet of gluon fields G
a
µ which correspond to the color
SU(3)C group. Due to the non-Abelian nature of the SU(2) and SU(3) groups, there are triple
and quartic self-interactions between their gauge fields Vµ =Wµ or Gµ. The matter fields ψ are
minimally coupled to the gauge fields through the covariant derivative Dµ (see Appendix VIA),
which leads to a unique form of interaction between the fermion and gauge fields, (−giψVµγµψ),
where gs, g2, and g1 are, respectively, the coupling constants of SU(3)C, SU(2)L, and U(1)Y.
The SM Lagrangian, without mass terms for fermions and gauge bosons, is then given by
LSM = −1
4
GaµνG
µν
a −
1
4
W aµνW
µν
a −
1
4
BµνB
µν (1)
+L¯i iDµγ
µ Li + e¯Ri iDµγ
µ eRi + Q¯i iDµγ
µQi + u¯Ri iDµγ
µ uRi + d¯Ri iDµγ
µ dRi.
This Lagrangian is invariant under local SU(3)C × SU(2)L × U(1)Y gauge transformations for
fermion and gauge fields. Here Li and Qi denote the left-handed lepton and quark doublets,
respectively, while fR denotes the relevant right-handed singlets. In the case of the electroweak
sector, for instance, one has the gauge transformations:
L(x)→ L′(x) = eiαa(x)Ta+iβ(x)Y L(x) , R(x)→ R′(x) = eiβ(x)YR(x)
~Wµ(x)→ ~Wµ(x)− 1
g2
∂µ~α(x)− ~α(x)× ~Wµ(x) , Bµ(x)→ Bµ(x)− 1
g1
∂µβ(x). (2)
The gauge fields and the fermion fields are massless here. More details one can find in Ap-
pendix VIA.
It is interesting to note that in the case of strong interactions (while the gluons are indeed
massless particles) the mass terms of the form −mqψψ can be generated for the colored quarks
in an SU(3) gauge invariant way. This is due to the fact that all (left- and right-handed) quarks
belong only to triplets of the SU(3) color group and all transform in the same manner.
On the contrary, the situation in the electroweak sector is really horrible. Indeed, one knows
experimentally that the weak gauge bosons are massive and the weak interaction is very short
3ranged. However, as soon as one adds standard mass terms for the gauge bosons, 1
2
M2WWµW
µ,
one immediately violates the local SU(2)×U(1) gauge invariance. This is clearly seen for the
QED where the photon is massless because of the U(1) local gauge symmetry. Indeed, the
transfromed “photon” mass term
1
2
M2γAµA
µ → 1
2
M2γ (Aµ −
1
e
∂µα)(A
µ − 1
e
∂µα) 6= 1
2
M2γAµA
µ (3)
can hold its form untouched only if M2γ ≡ 0. In addition, if one includes explicitly the mass
term −mfψfψf for the SM fermion f in the Lagrangian, then, for instance, one would have for
the electron
−mee¯e ≡ −mee¯
(1− γ5
2
+
1 + γ5
2
)
e = −me(e¯ReL + e¯LeR) (4)
which is obviously noninvariant under the weak isospin symmetry transformations discussed
above, since eL is a member of the SU(2)L doublet, while eR is the SU(2)L singlet and, therefore,
they change under transformation in a different manner.
Therefore, the mass terms for gauge bosons and fermions induced “by-hand” lead to an
obvious breakdown of the local SU(2)L × U(1)Y gauge invariance. The unbroken symmetry
means that all fundamental particles have to be massless. This is because both the fermion
mass term fL × fR and that of gauge bosons are not SU(2)L invariant [12]. One can see, that
generation of the mass for an elementary particle in the SM is strongly connected with the
symmetry violation. One needs a mechanism for this violation, and one believes, that this
mechanism will simultaneously allow the elementary particles to obtian their masses.
In principle, the idea of mass generation due to interaction is rather simple. Consider the
renormalizable Lagrangian L = gAµAµφ describing interaction of the scalar field φ with the
massless vector field Aµ. In an ordinary theory mean vacuum expectation values (vev’s) are
zero. Assume now that the scalar field has nonvanishing vev v 6= 0, so φ = v + σ with
〈0|σ|0〉 = 0. The Lagrangian becomes L = gvAµAµ + gAµAµσ. The first term is a right mass
term and the vector particle obtains a mass m2 = 2vg. The only question is where v 6= 0 comes
from? [13]. In other words, is there a way to generate the gauge boson and the fermion masses
without violating SU(2)×U(1) gauge invariance? The positive answer is given by Higgs, Kibble
and others [14–16]. This is the spontaneous symmetry breaking Higgs mechanism (see [4] and
Appendix VIA).
4In fact, the Higgs mechanism is needed due to the SU(2)×U(1) gauge structure of the SM.
It is remarkable that from the practical point of view the mass generation by means of the
Higgs mechanism in the SM is forced by the V –A structure of the weak interaction (and in
some sense by the absence of the right-handed neutrinos νR or even by the masslessness of all
neutrinos).
Below, in discussing the Higgs mechanism and related topics we follow, to a large extent,
the excellent review of A. Djouadi [4].
II. HIGGS MECHANISMS
A. The simplest example
First of all, consider a simple Lagrangian for a scalar real field φ
L = 1
2
∂µφ ∂
µφ− V (φ), where V (φ) = 1
2
µ2φ2 +
1
4
λφ4. (5)
Since the potential should be bounded from below, the self-coupling λ > 0. With the mass
term µ2 > 0, the potential V (φ) is always positive. Furthermore, the φ4-term describes self-
interaction with intensity λ. Other terms φn with n > 4 have to be excluded from consideration
because they produce infinities in calculated observables [17]. The case when the potential V (φ)
also contains an extra φ3-term is considered in Appendix VIB.
To find an excitation spectrum of the system described by Lagrangian (5), one first has to
find minimum (or minima) of the potential V (φ). The system has minimal energy when its
both kinetic and potential energies separately are minimal. The kinetic energy is minimal when
φ is a constant. The minimum gives one a classical main (vacuum) state of the system. Next,
one has to decompose the field φ in the vicinity of this main state and has to find excitation
states. In a field theory the main state is the vacuum and the excitations are particles. Particle
masses are defined by the form of the Lagrangian in the vicinity of the classical minimum [17].
When µ2 > 0 (left panel in Fig. 1), the minimum of potential (5) is reached at φ = 0. Therefore,
vacuum expectation value for the field 〈0|φ|0〉 ≡ φ0 = 0. Lagrangian (5) then simply describes
a spin-zero particle of mass µ. It is also invariant under the reflexion symmetry φ→ −φ since
there are no cubic terms.
If µ2 < 0 (right panel in Fig. 1), the potential V (φ) has minima not at φ0 = 0 but at φ1 and
φ2 which solve the minimum condition ∂V/∂φ = φ(µ
2 + λφ2) = 0. Now the system has two
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FIG. 1: The potential V of the scalar field φ in the case µ2 > 0 (left) and µ2 < 0 (right). From [4].
states (vacuums) with the lowerst energy Vmin = −v
4λ
4
< 0 at
φ1 =
√
−µ
2
λ
≡ v > 0, and φ2 = −
√
−µ
2
λ
≡ −v. (6)
The quantities φ1 ≡ +v and φ2 ≡ −v are the vacuum mean values of the field φ and are
also called the vacuum expectation value (vev) of the scalar field φ. Lagrangian (5) no longer
describes a particle with mass µ.
To find now energies of the particles (and to interpret correctly the theory), one has to
choose one of the minimum, e.g., with φ = v, and investigate the situation in the vicinity of the
minimum of the potential V (φ). To this end, one introduces a new scalar field σ in such a way
that φ = v + σ and 〈0|σ|0〉 = 0. Furthermore, one has to expand all the terms in Lagrangian
(5) in series in the small parameter σ around the potential minimum at σ = 0. In terms of the
new field σ, the Lagrangian becomes
L = 1
2
∂µσ ∂
µσ −
{
µ2
2
[v2 + 2vσ + σ2] +
λ
4
[v4 + 4v3σ + 6v2σ2 + 4vσ3 + σ4]
}
=
=
1
2
∂µσ ∂
µσ −
{
v2
2
(µ2 +
λv2
2
) + vσ(µ2 + λσ2) +
σ2
2
(µ2 + 3v2λ) + λvσ3 +
λ
4
σ4
}
.
With the minimum relation µ2 = −λv2 the linear term disappears and one finally has
L = 1
2
∂µσ ∂
µσ − 2λv
2
2
σ2 − λvσ3 − λ
4
σ4 +
λv4
4
. (7)
Due to the correct sign of the σ2-term one can interpret it as a mass term, thus Lagrangian (7)
describes a scalar field of mass m2σ = 2λv
2 = −2µ2, with σ3 and σ4 being self-interactions. The
6new mass mσ was generated due to self-interactions of the field σ [17], and m
2
σ > |µ2| means
that the back-attractive “force” for the new σ field would be stronger than for the initial field
φ. Since there are now cubic terms, the reflexion symmetry is broken. This is the simplest
example of spontaneously broken symmetry. The symmetry is violated by means of inevitable
alternative — one must choose only one concrete vacuum (at φ1 = v, or at φ2 = −v). After
that the unique vacuum does not possess the symmetry of the initial Lagrangian (5). Actually,
the symmetry transformation turns one vacuum state (with φ1 = v) into the other one (with
φ2 = −v).
The Lagrangian (7) now has the potential with nonzero cubic term,
V (σ) = λv2σ2 + λvσ3 +
λ
4
σ4 − λv
4
4
.
Due to this term the potential could, in principle, have minimum at σ 6= 0, which spoils the
main condition 〈0|σ|0〉 = 0. (See the discussion of the Higgs mechanism with the extra φ3-term
in Appendix VIB.) Applying the extremum condition to this potential one has the relation
∂V
∂σ
= λσ(σ2 + 3vσ + 2v2) = λσ(σ + v)(σ + 2v) = 0. (8)
There are 3 extrema with V (σ = 0) = −λv4/4 < 0, V (σ = −v) = λv4(1− 1 + 1/4− 1/4) = 0,
and V (σ = −2v) = λv4(4 − 8 + 16/4 − 1/4) = V (σ = 0) = −λv4/4. Therefore, two minima
have the same depth and we can safely choose as a true vacuum the minimum at σ = 0
which indeed has 〈0|σ|0〉 = 0. In fact, it is not surprising that the cubic term does not spoil
the vacuum. Moving into only one vacuum state one physically does not introduce any new
dynamics. Therefore, there is no reason to change the shape of the potential and it remains
unchanged. However, to reproduce the unchanged shape of the potential in the new (shifted)
coordinate framework (where 〈0|σ|0〉 = 0), one needs right this cubic term.
B. The Higgs mechanism with a complex scalar field
The relevant Higgs Lagrangian for a complex scalar field φ = 1√
2
(φ1 + iφ2) is
L = (∂µφ)∗ (∂µφ)− µ2φ∗φ− λ (φ∗φ)2 (9)
with at least λ > 0. This Lagrangian is invariant under global gauge transformations φ→ φ′ =
eiχφ and, therefore, has global U(1)-symmetry. When µ2 < 0 the scalar potential
V (φ) = µ2φ∗φ+ λ(φ∗φ)2 =
µ2
2
(φ1 − iφ2)(φ1 + iφ2) + λ
4
((φ1 − iφ2)(φ1 + iφ2))2 =
7=
µ2
2
(φ21 + φ
2
2) +
λ
4
(φ21 + φ
2
2)
2
has minimum values of V (φ)min =
µ2
2
v2 +
λ
4
v4 = −λ
4
v4 < 0 at φ20 =
v2
2
along a circle of the
radius v in the (φ1, φ2), plane where v is given by
v2 = φ21 + φ
2
2, v
2 =
−µ2
λ
> 0. (10)
To construct a theory, one has to investigate the situation in the vicinity of one of the minima
in the circle. To this end, one has to choose one of the minima (to violate the symmetry of all
possible solutions). One can take the real scalar field φ1 with the nonzero vacuum expectation
value φ1 = v, while the imaginary one φ2 = 0 at the minimum. Furthermore, the scalar complex
field φ can be parameterized also in the form (with both real η(x) and ξ(x))
φ(x) =
1√
2
(v + η(x) + iξ(x))
with η(x) = ξ(x) = 0 at V (φ)min. Therefore, after introduction of a Higgs mass
Mh =
√
2λv2 ≡
√
2|µ| (11)
Lagrangian (9) has the form (see Appendix VIC):
L = 1
2
∂µη ∂
µη +
1
2
∂µξ ∂
µξ − M
2
h
2
η2 − λ
4
(η2 + ξ2)2 − vλη3 − vληξ2 + v
4λ
4
. (12)
Now this Lagrangian describes interaction between two real scalar fields η(x) and ξ(x) (both
with zero vev’s). The η(x) (Higgs) field is massive with the mass given by (11) and ξ(x) is
massless. The physical reason is the following. Radial excitations (described by η) are against
the increase of the potential. The potential forces the relevant particles to go back to the
minimum and these excitations are massive. Excitations in the direction of the circle have
locally no any back force at all and these excitations are massless. This is the first example
of the Goldstone theorem (when global symmetry is spontaneously broken, the massless boson
appears), which we consider below in a bit more detail.
Consider, following A.Djouadi [4], four real scalar fields φi with i = 0, 1, 2, 3 with a La-
grangian (the summation over the index i is understood)
L = 1
2
∂µφi ∂
µφi − µ
2
2
(φiφi)− λ
4
(φiφi)
2 (13)
8which is invariant under the rotation group in four dimensions O(4), φi(x) = Rijφj(x) for any
orthogonal matrix R. Again, for µ2 < 0, the potential has a minimum at φ2i = −µ2/λ ≡ v2
where v is the vev. As previously, we expand around one of the minima, φ0 = v+σ, and rewrite
the fields φi = πi with i = 1, 2, 3. The Lagrangian in terms of the new fields σ and πi becomes
L = 1
2
∂µσ ∂
µσ − 1
2
(−2µ2)σ2 − λv σ3 − λ
4
σ4
+
1
2
∂µπi ∂
µπi − λ
4
(πiπi)
2 − λvπiπiσ − λ
2
πiπiσ
2. (14)
As expected, we still have a massive σ boson with m2 = −2µ2, but also we have three massless
“pions”, since now all the bilinear πiπi terms in the Lagrangian have vanished. Note that there
is still O(3) symmetry among the πi fields.
This brings us to state the Goldstone theorem [18, 19]: For every spontaneously broken
continuous symmetry, the theory contains massless scalar (spin-0) particles called Goldstone
bosons. The number of Goldstone bosons is equal to the number of broken generators. For
O(N) continuous symmetry, there are 1
2
N(N − 1) generators; the residual unbroken symmetry
O(N − 1) has 1
2
(N − 1)(N − 2) generators and, therefore, there are N − 1 massless Goldstone
bosons, i.e. 3 for the O(4) group.
C. The Higgs mechanism in an Abelian theory
A rather simple case of local Abelian U(1) symmetry contains a complex scalar field and an
electromagnetic field Aµ
L = −1
4
FµνF
µν + (Dµφ)
∗(Dµφ)− V (φ) (15)
with the covariant derivative Dµ = ∂µ − ieAµ and with the scalar potential (see also [13])
V (φ) = µ2φ∗φ+ λ (φ∗φ)2 = µ2|φ|2 + λ|φ|4. (16)
The Lagrangian (15) is renormalizable and invariant under the local gauge U(1) transformation
φ(x)→ eiα(x)φ(x), φ(x)† → e−iα(x)φ(x)†, Aµ(x)→ Aµ(x) + 1
e
∂µα(x). (17)
The local gauge invariance demands introduction of the massless vector field Aµ [17]. For
µ2 > 0, Lagrangian (15) is the QED Lagrangian for a charged scalar particle of mass µ and
9with φ4 self-interactions. For µ2 < 0 the field φ(x) will acquire a vacuum expectation value and
the minimum of the potential V (φ) will be at
〈φ〉0 ≡ 〈0|φ|0〉 =
(
−µ
2
2λ
)1/2
≡ v√
2
. (18)
We expand the Lagrangian around the vacuum state 〈φ〉0
φ(x) =
1√
2
(v + η(x) + iξ(x)) (19)
and assuming that 〈0|η|0〉 = 〈0|ξ|0〉 = 0. With (19) Lagrangian (15) becomes (see Appendix
VIC):
L = v
4λ
4
− 1
4
FµνF
µν +
e2v2
2
AµA
µ +
1
2
∂µη ∂
µη − 2v
2λ
2
η2 +
1
2
∂µξ ∂
µξ − evAµ∂µξ (20)
+
e2
2
AµA
µ(2vη + η2 + ξ2) + eAµξ∂µη − eAµη∂µξ − λ
4
(η2 + ξ2)2 − vλη(η2 + ξ2).
One can see that this Lagrangian contains a photon mass term 1
2
M2AAµA
µ with MA = ev =
−eµ2/λ. There is a scalar particle η with a mass M2η = 2v2λ = −2µ2, and there is a massless
particle ξ (a would-be Goldstone boson [4]) which can be eliminated by the gauge transformation
[14–16]. Indeed, there is a problem if one counts degrees of freedom in this theory. At the
beginning, one had 4 degrees of freedom, two for the complex scalar field φ and two for the
massless electromagnetic field Aµ, and now one has 5 degrees of freedom, one for η, one for
ξ and three for the massive photon Aµ. Therefore, an unphysical field had appeared in the
theory after the spontaneous violation of the local U(1) symmetry. To find and to eliminate
this field, one can notice the following. First, there is a “suspicious” bilinear term evAµ∂µξ
in Lagrangian (20), which allows the vector field Aµ to directly transform to the scalar field
ξ during propagation. This means that ξ plays a role of the longitudinal component of the
massive vector field Aµ and one has to perform diagonalization to reach the physical eigenstate
basis and to eliminate this bilinear cross term [17]. Second, the diagonalization procedure
in this particular case is exactly the gauge transformation (17) which due to the U(1) gauge
invariance eliminated completely the field ξ from the Lagrangian. To illustrate the fact, one
can present the original complex scalar field φ in the equivalent exponential form with the real
η′(x) and ζ(x)
φ(x) =
1√
2
(v + η + iξ) ≡ 1√
2
[v + η′(x)]eiζ(x)/v (21)
10
(in the first order ζ = ξ, η = η′ due to (v + η′)(1 + iζ/v) = v + η′ + iζ) and use the freedom
of gauge transformations choosing exactly α(x) = −ζ(x)/v in (17). Therefore, (unitary) gauge
transformation
φ(x)→ e−iζ(x)/vφ(x), Aµ → Aµ − 1
ev
∂µζ(x) (22)
completely “ate” the phase factor eiζ(x)/v from (21) and the scalar field has the simple form
φ(x) =
1√
2
[v + η(x)].
In the unitary gauge (22) Lagrangian (15) or (20) obtains the form (see Appendix VIC):
L = (∂µ + ieAµ)φ∗(∂µ − ieAµ)φ− µ2φ∗φ− λ(φ∗φ)2 − 1
4
FµνF
µν = (23)
=
1
2
∂µη∂
µη − 2v
2λ
2
η2 − FµνF
µν
4
+
e2v2
2
AµA
µ +
e2
2
AµA
µ(2vη + η2) +
v4λ
4
− λvη3 − λ
4
η4.
There are no unphysical states in this Lagrangian at all. Furthermore, although Lagrangian (23)
has now the massive vector boson Aµ, it is still gauge invariant, because the initial Lagrangian
(15) was gauge invariant and only pure algebraic transformation was carried out [17].
This choice of gauge is called the unitary gauge. The photon (with two degrees of freedom)
has absorbed the would-be Goldstone boson (with one degree of freedom) and became massive
(i.e., with three degrees of freedom), the longitudinal polarization is the Goldstone boson. The
U(1) gauge symmetry is no longer apparent and we say that it is spontaneously broken. This
is the Higgs mechanism [14–16] which allows to generate masses for the gauge bosons: “Gauge
transformation ate the Goldstone boson”. The Higgs mechanism is clear from a mathematical
point of view, but its physical interpretation is not yet completed in the modern particle physics
theory. One can see that a longitudinal state of the vector gauge boson, which should exist
for the massive boson in the Lorentz-invariant theory (when one can boost to the boson rest
system), is the Goldstone boson which would exist if the theory were not gauge invariant [17].
D. The Higgs mechanism in the Standard Model
The Standard Model (SM) Lagrangian before EWSB has the form (see for example, (1) and
Appendix VIA):
LSM = −1
4
W aµνW
µν
a −
1
4
BµνB
µν + L iDµγ
µ L+ eR iDµγ
µ eR · · · (24)
11
For simplicity, the strong interaction part of it was here ignored. In the non-Abelian
SU(2)×U(1) case of the SM one needs to generate masses for the three gauge bosons W±
and Z but the photon should remain massless. Therefore, one needs at least 3 degrees of free-
dom for the scalar fields. One would expect that the simplest choice is to use an isovector state
with exactly 3 scalar fields, but in this case one lacks for massless fields and it is impossible to
generate all above-mentioned masses in the SM. In fact, one needs a complex SU(2) doublet of
scalar fields φ
Φ =

 φ+
φ0

 = 1√
2

 φ1 + iφ2
φ3 + iφ4

 (25)
where φi are 4 real scalar fields (4 degrees of freedom). The relevant scalar Lagrangian has the
form
L = (DµΦ)†(DµΦ)− V (Φ), with V (Φ) = µ2Φ†Φ+ λ(Φ†Φ)2, (26)
where both the product
Φ†Φ = (φ+∗φ0∗)

 φ+
φ0

 = φ+∗φ+ + φ0∗φ0 = 1
2
(φ21 + φ
2
2 + φ
2
3 + φ
2
4) =
1
2
φiφ
i (27)
and, consequently, the potential V (Φ) are invariant under the local gauge transformations
Φ(x)→ Φ(x)′ = eiαi(x)τi/2Φ(x), (28)
where τi are Pauli matrices (see Appendix VIA) and αi(x) are transformation parameters.
For µ2 < 0, the potential V (Φ) has a minimum at
Φ†Φ = −µ
2
2λ
=
v2
2
and from (27) one can conclude that there is an infinite number of possible solutions of this
equation. To preserve electric charge conservation (U(1)QED symmetry), this nonzero vacuum
expectation value should not be reached in the charged direction. A convenient choice of the
neutral direction is φ1 = φ2 = φ4 = 0 (see (25)). Therefore, the neutral component (φ3) of the
doublet field Φ develops a nonzero vacuum expectation value
〈Φ 〉0 ≡ 〈0|Φ|0〉 = 1√
2

 0
v

 with v = (−µ2
λ
)1/2
. (29)
12
Now, as previously, using the pattern of the gauge symmetry of (28) one can write the field
Φ in the exponential form via four fields θ1,2,3(x) and h(x):
Φ(x) =
1√
2
eiθa(x)τ
a(x)/v

 0
(v + h(x))

 . (30)
Moving to the unitary gauge by means of a proper gauge transformation of the field in the form
Φ(x)→ Φ(x)′ = e−iθa(x)τa(x)/vΦ(x) = 1√
2

 0
v + h(x)

 (31)
one “gauges away” three θa fields, chooses only one direction, violates three global initial
symmetries of the Lagrangian, and leaves only one invariant (27). For simplicity, in what
follows for the field Φ(x)′ in the unitary gauge (31) the same notation Φ(x) will be used.
With Φ(x) from (31) one can expand (see Appendix VIC) the kinetic term (DµΦ)†(DµΦ) ≡
|DµΦ|2 of Lagrangian (26)
|DµΦ|2 =
∣∣∣∣
(
∂µ − ig2 τa
2
W aµ − ig1
YH
2
Bµ
)
Φ
∣∣∣∣
2
= (32)
=
1
2
(∂µh)2 +
g22
8
(v + h)2(W µ1 + iW
µ
2 )(W
1
µ − iW 2µ) +
1
8
(v + h)2 (g2W
µ
3 − g1YHBµ)2 =
=
g22v
2
8
(W µ1 + iW
µ
2 )(W
1
µ − iW 2µ) +
v2
8
(g2W
µ
3 − g1YHBµ)2 +
1
2
(∂µh)2 + ... (33)
The first term in (33) is the mass term M2WW
+
µ W
−µ for the charged gauge boson field
W± =
1√
2
(W 1µ ∓ iW 2µ) with MW =
1
2
vg2. (34)
In particular, the last relation allows one to fix the vacuum expectation value v in terms of the
W boson mass MW and the Fermi constant GF (Appendix VIA)
MW =
g2v
2
=
(√
2g22
8GF
)1/2
and v =
1
(
√
2GF)1/2
≃ 246 GeV. (35)
The second term in (33) mixes two neutral components of the gauge fields W µ3 and B
µ, but
after diagonalization (moving to mass eigenstates Zµ and Aµ) in the form
Zµ =
g2W
3
µ − g1Bµ√
g22 + g
2
1
, Aµ =
g2W
3
µ + g1Bµ√
g22 + g
2
1
(36)
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one can interpret it as a mass term 1
2
M2ZZµZ
µ with
MZ =
1
2
v
√
g22 + g
2
1. (37)
Here YH = 1 was used. It is very important that the neutral field Aµ, being orthogonal to Zµ,
has no mass term at all. The term like 1
2
M2AAµA
µ does not appear.
Therefore, by spontaneously breaking of the symmetry SU(2)L ×U(1)Y → U(1)Q (from 4
generators to only 1), three Goldstone bosons have been absorbed by the W± and Z bosons
to form their longitudinal components and get their masses. Since the U(1)Q symmetry is still
unbroken, the photon which is its generator remains massless.
In fact the photon (the gauge boson of the U(1)Q symmetry) remains massless and the
symmetry is still unbroken due to the fact that the Lagrangian and the vacuum field Φ0 = 〈Φ 〉0
of the system both and simultaneously remain invariant under a U(1) transformation, which
is a direct consequence of the electric charge conservation (which is observable and must be
hold in any system after any correct transformations). Indeed, the electric charge of the Higgs
field Q is connected with the eigenvalue of the weak SU(2) isospin operator T3 ≡ τ3 and U(1)
hypercharge for the Higgs field YH by means of the simple relation (Appendix VIA)
Q = T3 +
YH
2
. (38)
Since we have already fixed the charge of the lower SU(2) component of Φ (vacuum is neutral)
and for this component T3 = −12 , we conclude that YH = 1. Applying relation (38) to the upper
(T3 =
1
2
) component of the doublet Φ, one deduces that it is positively charged (this justifies
our notation in (25)).
It is interesting to notice that the vacuum is charged under the initial SU(2) and U(1),
and violates these symmetries. “Fortunately”, the vacuum has zero eigenvalue of the electric
charge operator QΦ0 = (T3+
YH
2
)Φ0 = 0 and is, therefore, invariant under the U(1)Q symmetry
transformation
Φ0 → Φ′0 = eiβ(x)QΦ0 = Φ0.
Fermion mass generation
The arrangement of scalar Higgs fields φ in the complex SU(2) doublet (25) allows one
to construct SU(2)L × U(1)Y invariant interaction of the Higgs fields with fermions, being
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only the SU(2) doublets or singlets. For leptons and down-type quarks of all generations
this SU(2)L ×U(1)Y invariant Yukawa Lagrangian has the form
Ld = −λe
(
L¯Φ eR + Φ
† e¯R L
)− λd (Q¯Φ dR + Φ† d¯RQ) . (39)
The second terms in each bracket are relevant Hermitian conjugates. It is important to note
that with the field Φ which has YH = 1, the total hypercharge of each term in (39) equals
zero due to YLi = −1, YeRi = −2, YQi = 13 , and YdRi = −23 (see eq. (75) in Appendix VIA).
On the contrary, if one uses the Yukawa term in the form Q¯ΦuR with the same Φ field
(YH = 1) for up-type quarks, one arrives at hypercharge violating Lagrangian due to the fact
that YuRi =
4
3
and −1
3
+ 1 + 4
3
= 2 6= 0. To bypass the problem, one should use the isodoublet
Φ˜ = iτ2Φ
∗ =

 φ0∗
−φ−

 → 1√
2

 v + h(x)
0

 which has hypercharge Y = −1 due to complex
conjugation. For up-type quark SM Yukawa interaction is
Lu = −λu
(
Q¯ Φ˜uR + Φ˜
† u¯RQ
)
. (40)
Therefore, after the EWSB when the Higgs field (25) has obtained the nonzero vev one can
generate masses for all fermions of the SM via the interaction Lagrangians (39) and (40).
Consider, for instance, the case of the electron (the first term in (39)). With the Higgs field
in the unitary gauge (31), one obtains
Le = −λe
(
L¯Φ eR + Φ
† e¯R L
)
= − λe√
2
(ν¯e, e¯L)

 0
v + h

 eR − λe√
2
(0, v + h) e¯R

 νe
eL

 =
= −λe v√
2
(e¯L eR + e¯R eL)−
λe√
2
(e¯L eR + e¯R eL) h. (41)
Taking into account that ψ¯L ψR+ ψ¯R ψL = ψ¯ ψ (see (4)) one can conclude that the first term in
(41) looks exactly as a mass term for fermions −mψ¯ ψ, with the electron mass (and in complete
analogy for the up- and down-quarks)
me =
λe v√
2
, mu =
λu v√
2
, md =
λd v√
2
. (42)
Due to unknown values of the Yukawa constants λe,u,d it is impossible to calculate the masses
of electron and quarks, but if one knows these masses from experiment, it is possible to estimate
the strength of the electron-electron-Higgs (and any fermion-fermion-Higgs) interaction (see the
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second term in (41)) inverting formulae (42):
Leeh = −me
v
e¯ e h− mu
v
u¯ u h− md
v
d¯ d h+ ... (43)
A very important consequence of the fermion-fermion-Higgs interaction (43) is its direct de-
pendence of the fermion mass. The larger the mass the stronger this interaction.
The Higgs boson
The kinetic part of the Higgs field, 1
2
(∂µh)
2, comes from the covariant derivative |DµΦ|2 (the
last term in (33)), while the Higgs mass and Higgs self-interaction parts, come (as it should be)
from the scalar potential V (Φ) = µ2Φ†Φ + λ(Φ†Φ)2 (26) which after EWSB takes the form
V (h) =
µ2
2
(0, v + h)

 0
v + h

+ λ
4
∣∣∣∣∣∣(0, v + h)

 0
v + h


∣∣∣∣∣∣
2
=
µ2
2
(v + h)2 +
λ
4
(v + h)4,
Finally, with the relation µ2 = −v2λ the pure SM Higgs Lagrangian is given by
Lh = 1
2
(∂µh)2 − 2λv
2
2
h2 − λv h3 − λ
4
h4 +
λv4
4
. (44)
This Lagrangian coincides with the simple scalar Lagrangian (7) and despite the presence of
the cubic term λvh3 it has vacuum state at h(x) = 0 (see Section IIA). From Lagrangian (44)
one can conclude that the Higgs boson mass is
M2h = 2λv
2. (45)
The strength of the Higgs self-interactions is proportional to the square of the Higgs mass
gh3 = λv =
M2h
2v
, gh4 =
λ
4
=
M2h
8v2
.
In accordance with relation (43), the interaction of the Higgs boson with a fermion is propor-
tional to the mass of this fermion ghff =
mf
v
. Furthermore, the Higgs boson couplings to the
gauge bosons come from relation (32) in almost full analogy with the vector boson mass terms
LhV V = M2W
(
1 +
h
v
)2
W+µ W
−µ +
M2Z
2
(
1 +
h
v
)2
ZµZ
µ.
Here the gauge boson mass definitions (34) and (37) were used. Thus, again the Higgs boson
couplings to the gauge bosons are proportional to the squared mass of these bosons
ghWW = 2
M2W
v
, ghhWW =
M2W
v2
, and ghZZ =
M2Z
v
, ghhZZ =
M2Z
2v2
. (46)
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Therefore, the only one isodoublet Φ of scalar fields allows mass generation for all massive
particles of the Standard Model — the weak vector bosons W±, Z, fermions, and the Higgs
boson itself, while preserving the SU(2)×U(1) gauge symmetry in the spontaneously broken or
hidden form. The electromagnetic U(1)Q symmetry, due to the requirement of electric charge
conservation, and the SU(3) color symmetry, due to color charge conservation, both remain
unbroken.
Nevertheless, despite this beautiful picture, the problem of the Higgs boson mass still remains
unclear. Indeed, the mass of the Higgs boson is generated by the Higgs self-interaction and
is defined by the parameter λ, the coupling of Higgs self-interaction. There is no clear idea
within the SM concerning the source of λ, and its value stays, in principle, undefined (together
with the Higgs boson mass Mh). What makes the situation much worse is that today there is
no any other observable which could depend on λ and which could give a way to measure it
experimentally [17].
In the next section, one can find some review of the available information about this “mys-
terious” λ parameter.
III. ON HIGGS MASS AND SELF-INTERACTION
A. The case λ = λt = 1
It is not necessary to claim that the Higgs boson and the top quark are the key ingredients of
the SM. It is also well known that the SM cannot predict their masses directly. Therefore, any
idea about values of the top quark and the Higgs boson masses has the right to some attention.
On this way, consider first a very simple case based on the assumption that both the Higgs
self-coupling λ and the Yukawa top coupling λt are equal to 1 at the electroweak scale. This
assumption (proposed by N. Giokaris) surprisingly allows one to obtain rather accurate predic-
tions for the top quark and Higgs boson masses mt and Mh.
With the Fermi constant value GF = (1.16637 ± 0.00001) · 10−5 GeV−2 (see eq. (83) in
Appendix VIA) one obtains for Higgs vacuum expectation value v (see eqs. (35) or (81))
v =
√
1√
2GF
= 246.221 GeV. (47)
As it follows from (42), the mass of a fermion f is defined by the fermion-Higgs Yukawa coupling
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λf . Therefore, if one assumes that the maximal value of λf is equal to 1, then the heaviest
possible fermion mass appeares just right equal to the top quark mass (λt = 1)
mt =
λt v√
2
= mmaxf =
v√
2
= 174.105 GeV.
This value of the top quark mass coincides (within errors) with mt = 172.7± 2.8 GeV, which
was used in the fit of all precision data by PDG-2006 [20] including all involved radiative
corrections. In particular, the result of this fit was the 90% confidence level for the Higgs mass
46 GeV ≤Mh ≤ 154 GeV. (48)
There is, however, another possibility for determination of Mh. Having in mind that the
Higgs scalar field, through the SM Higgs mechanism, gives the SM particles their masses, it
would be natural to assume that the Higgs particle should be heavy enough to have a chance
(at least in principle) to decay also into a real t¯t-pair. Therefore, the Higgs boson mass should
not be smaller than
Mh = 2mt = 2× 174.1 GeV = 348.2 GeV. (49)
One can see that this value can be obtained directly from the Higgs mass definition (45)
Mh =
√
2λv2 by taking the Higgs self-coupling λ = 1.
Therefore, assuming that the Yukawa coupling of the heaviest particle to the Higgs field is
equal to 1, one can obtain mt = 174.105 GeV in very good agreement with the latest Tevatron
result. Assuming that the self-coupling in the Higgs potential is equal to 1, one can obtain
Mh = 348.2 GeV or Mh = 2mt. Finally,
mt =
v√
2
, Mh = 2mt =
√
2v, v2 = mt ×Mh = 2m2t =
M2h
2
. (50)
Note that now the vacuum expectation value is the geometric mean of the top-quark and the
Higgs particle masses. Relations (50) tie together the two assumptions we made about the top
quark Yukawa couplings and the λ parameter of the Higgs field. In principle, one can look for
any deeper symmetry or other arguments trying to justify these assumptions.
B. Constraints from triviality
With vacuum value v from (35) one can write the Higgs mass (45) in the form [21]
Mh = v
√
2λ = 2
√
λ× 174.105 GeV. (51)
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If a dimensionless constant λ is O(α) one has a perturbative theory, while if it is O(1), one
would say the theory is strongly coupled. From (51) and the present experimental bounds on
Mh (see, for example (48)), one concludes that we are already not very far from the strongly
coupled region [21] and the following question is reasonable: Can λ (the renormalized coupling)
take any value at all? That is, can Mh (for fixed v) be arbitrarily large?
To answer this question one has, first of all, to recall that in a renormalizable theory the
value of λ (as well as the value of µ2) has to be defined at a certain scale and the value at another
scale is different (i.e., λ ‘runs’). At the one-loop level, the renormalization group equation for
the Higgs quartic self-coupling λ is given by (see, for example, [22]):
16π2
λ
d lnE
≡ βλ(λ) = 24λ2 − (3g21 + 9g22 − 12λ2t )λ+
3
8
g41 +
3
4
g21g
2
2 +
9
8
g42 − 6λ4t + .... (52)
For a rather large λ the first term dominates and forces λ (together with the Higgs mass) to
increase infinitely with energy scale E. In this regime, the solution of (52) is
λ(E) =
λ
1− 3
2pi2
λ ln (E/v)
. (53)
The “physical” λ is defined at the scale E = v. It follows from (53) that the theory breaks
down — exhibits the so-called Landau pole — at the energy scale
E∗ ≃ v exp
(
2π2
3λ
)
= v exp
(
4π2v2
3M2h
)
. (54)
More conservatively one can say that λ(E) becomes so large that all perturbative expectations
are meaningless. Here the Higgs mass Mh definition (51) was used. In fact, relation (54) gives
the upper bound for the cut-off scale of the SM Λ ≤ E∗ . Above the scale Λ, some new physics
should appear to prevent this “blowup”. Formula (54) is very remarkable, because it exhibits
exponential sensitivity to the unknown Mh. For rather small Higgs masses the breakdown
scale is high — for Mh ≃ 150 GeV E∗ ≃ 6 × 1017 GeV. However, for Mh ≃ 700 GeV, E∗ is
already as low as 1 TeV. Clearly, at such a value of Mh, the Higgs mass is essentially equal
to the ‘breakdown scale’ itself and Mh cannot get any higher without new physics (some non-
perturbative phenomena, or, perhaps, supersymmetry) [21]. Therefore, for a fixed value of the
SM cut-off Λ = E∗ relation (54) gives an upper bound on the Higgs mass. In particular, one
cannot take λ(E) → ∞, since in this case one necessarily has λ = 0 and, therefore, no any
EWSB can occur [22].
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The last observation is realization of the general “Triviality problem”. It was theoretically
shown (see, for example [23, 24]) that a pure φ4 scalar field theory with Lagrangian (5)
L = 1
2
(∂µφ)
2 − µ
2
0
2
φ2 − λ0
4
φ4 (55)
is trivial in four space-time dimensions. The word “trivial” here means that the scalar field does
not interact with itself. Triviality is equivalent to the statement that the renormalized quartic
coupling λr = λ(E) (53) is equal to zero. In other words, the scalar particles interact in such a
(strong enough) way as to screen totally any bare charge λ0, or given the low-energy value of
the Higgs coupling, the Higgs coupling will eventually blow up at some finite momentum scale
ΛL (the Landau pole). The stronger is the low-energy Higgs coupling, the smaller is ΛL.
This triviality seemingly persists for all values of the bare coupling constant and, therefore,
presumably precludes the existence of spontaneous symmetry breaking in the pure φ4 field
theory [24]. At first glance, this claim looks very surprising, but it is a direct result of the
renormalization group equation (52) for the effective (or ”running”) quartic constant λ(E).
Equation (52) has the following boundary conditions:
λ(E = v) = λr, and λ(E →∞) = λ0, (56)
where λr is the renormalized quartic coupling constant at the electroweak scale. Conditions (56)
simply state that at high-momentum transfer (or energy) an incident (scalar) particle interacts
with the bare charge of the target (scalar) particle.
In the language of the renormalization group, the triviality of a φ4 theory is essentially
equivalent to two statements. First, the bare coupling constant λ0 is finite. Second, the beta
function βλ(λ) is positive and equals zero only when λ is zero. These two statements imply
that the renormalized coupling λr is zero for any sensible (i.e. finite and positive) value of the
bare coupling λ0. This is the evidence for the triviality of φ
4 theory [23, 24]. Theory becomes
always meaningless for λ0 6= 0 (it has sense only if λ0 = 0), but this means total absence of any
λφ4 self-interactions.
One can see that there are two bare parameters, µ0 and λ0 in the original classical Lagrangian
(55). When quantum effects are accounted for (i.e., when the theory is renormalized), all that
remains is one parameter, the renormalized mass µr. Quantum effects have determined that λr
is zero. Therefore, in the SM one parameter, the Higgs mass, is not determined by low-energy
phenomenology in the classical (tree-level) approximation. In fact, the renormalization effects
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may generally bound the Higgs mass from above [23, 24]. Indeed, due to this triviality of the
φ4 theory the SM is inconsistent as a fundamental theory but is a reasonable effective theory
with momentum cut-off Λ. Furthermore, by requiring that Λ be larger than the Higgs mass in
order to maintain the consistency of the SM as an effective theory (see comments to eqns. (53)
and (54)) one can derive the so-called triviality upper bound on the Higgs mass in the SM. This
upper bound of 1 TeV was for the first time obtained in [25]. These (triviality) arguments were
also successfully used to obtain the Higgs mass upper bounds in some SUSY extension for the
SM (see, for example [26, 27]). In particular, the absolute upper bound on the lightest Higgs
mass was obtained as 2.8MW by requiring that the Higgs couplings remain finite at beneath
the momentum cut-off Λ for the NMSSM [26].
There is another possibility to solve (against the triviality) the Higgs mechanism with fun-
damental scalars — a new phenomenon must occur in the theory when gauge fields are present.
Following Callaway [23], consider the effect of coupling a gauge field to the scalar field of (55). It
is demonstrated in [23] that for the combined theory to be nontrivial, the renormalized quartic
coupling λr must not be too strong. The breakdown of total screening (entering in nontrivial
regime) occurs when the quartic coupling constant λr is less than the effective quartic coupling
generated by the gauge field interaction
λr ≤ ξ g2r . (57)
Here gr denotes the renormalized gauge coupling constant and ξ ≥ 0 is some calculable constant.
In the SM the squared ratio of Higgs to W-boson mass is given at the tree level by(
Mh
mW
)2
= 8
λr
g2r
≤ 12.8. (58)
for reasonable parameter choices, and similarly for other theories [23, 24]. In particular, taking,
for example, g2r = g
2
2 = 0.446, from (58) one has λr ≤ 0.72.
Therefore, the assumption that a scalar field theory without gauge fields is trivial (i.e., that
the renormalized quartic coupling is zero) implies strong constraints on a theory with gauge
fields. The addition of gauge fields can in fact make a trivial pure scalar theory nontrivial.
Indeed, such a phenomenon may occur in realistic theories such as the standard model of the
weak interaction and in grand unified theories. The mechanism by which triviality is eliminated
typically works for a small range of renormalized coupling constants of the theory. Basically, a
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bare scalar particle screens itself totally, so that the renormalized scalar charge is zero regardless
its bare value. The addition of a gauge field generates an effective quartic coupling constant.
If this effective coupling is at least as large as the original coupling it can destroy the total
screening of the bare charges. However, the screening persists if the quartic coupling is much
larger than the effective (gauge + quartic) coupling. The necessity of the destruction of the
screening phenomenon forces restrictions on the bare couplings. This restriction in turn implies
a calculable upper bound on the ratio of Higgs to gauge boson mass (58). For details see
[4, 23, 24].
C. Constraints from unitarity
To obtain unitary bound on the Higgs mass (and λ), one has to use the decomposition of
the scattering amplitude into the partial waves [4, 28, 29]:
A = 16π
∞∑
l=0
(2l + 1)Pl(cos θ) al, (59)
where Pl(cos θ) are the Legendre polynomials, and the partial wave amplitudes al of orbital
angular momentum l are given by
al =
1
32π
∫ 1
−1
d(cos θ)Pl(cos θ)A.
The differential and total cross sections have the forms
dσ
dΩ
=
1
2π
dσ
d cos θ
=
|A|2
64π2 s
and σ =
16
s
∞∑
l=0
(2l + 1)|al|2. (60)
Here the orthogonality property of the Legendre polynomials in the form
∫
d cos θPlPl′ = δll′
was used. One knows that due to the optical theorem the total cross section is proportional to
the imaginary part of the amplitude A in the forward direction (θ = 0); therefore,
σ =
1
s
Im (A(θ = 0)) =
16π
s
∞∑
l=0
(2l + 1)|al|2. (61)
With (59) from (61) one has that Im(al) = |al|2 = |Re(al)|2+ |Im(al)|2 or |Re(al)|2+ |Im(al)| −
1
2
|2 = 1
4
. This is the equation of a circle of radius 1
2
with the center at (0, 1
2
). Therefore, the real
part lies between −1
2
and 1
2
, and one finally has [4, 22]
|Re(al)| ≤ 1
2
. (62)
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With the Higgs boson contribution to the scattering amplitude, which cancels a dangerous
energy growth of the amplitude, one gets [4, 22]
a0 =
g22M
2
h
64πM2W
. (63)
This leads to the upper bound for the Higgs mass Mh ≤ 1.2 TeV. In fact, with extra channels
including only W and Z gauge bosons one has a more stringent bound [28, 29]
Mh ≤ 780 GeV and λ ≤ 5.
These bounds give an order of magnitude estimate and they should not be considered as tight
bounds [22].
D. Constraints from stability
It is clear that λ could not be very small, otherwise the typical Higgs potential (5) will not
be constrained from below and the theory will loose its stability. At the low mass Higgs limit
(low λ limit) in the renormalization group equation (52) the top Yukawa coupling λt dominates
which forces λ (and the Higgs boson mass) to decrease with energy increase:
16π2
λ
d lnE
= −6λ4t + ... (64)
To obtain the energy dependence of λ in this case, one needs a renormalization group equation
for the top Yukawa coupling. At the one-loop approximation it can be given as
16π2
λt
d lnE
=
9
2
λ3t + ... (65)
The solution of both the renormalization group equations (64) and (65) is [22]:
λ2t (E) =
λ20
1− 9
16pi2
λ20 ln(E/E0)
and λ(E) = λ0 −
3
8pi2
λ40 ln(E/E0)
1− 9
16pi2
λ20 ln(E/E0)
. (66)
For rather large E, the Higgs self-coupling λ(E) can be driven to a negative value and the Higgs
potential becomes unbounded from below. A typical remedy for the situation is new physics
which should appear before the crucial energy Λ where λ reaches a zero value:
Λ ≤ v exp
(
4π2
M2h
3λ4t v
2
)
= v exp
(
4π2
2λ
3λ4t
)
. (67)
Here Mh and λt are the Higgs mass and top Yukawa coupling at the weak scale. For a fixed
value of the SM cut-off Λ this relation gives a lower (stability) bound on the Higgs boson mass
and the self-coupling λ. For the first time, such a lower bound for the Higgs boson mass was
obtained to be 3.7 GeV [30, 31].
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E. Some words about Higgs effective potential
A convenient tool for studying electroweak symmetry breaking in the SM is the analysis of
the effective Coleman-Weinberg potential [2, 32]. Roughly speaking, this effective potential of
the Higgs field Veff(φ) contrary to the classical potential V (φ), given by (5), takes into account
the quantum corrections to the energy density of the field φ. The absolute minimum of the
potential Veff(φ) corresponds to the true vacuum state of the theory.
In general, calculation of Veff(φ) is not an easy task. One usually turns to the loop expansion
in order to obtain some useful approximation for Veff(φ). In the leading order approximation
Veff(φ) coincides with the classical (so-called tree-level) potential V (φ). The one-loop contri-
butions arise due to interactions of the Higgs field φ with the other fields of the theory. With
every bosonic (fermionic) field which couples to the Higgs boson, the loop contribution of the
form
∆V (φ) =
∫
d4 k
2 (2π)4
STr ln
(
k2 +M2(φ)
)
(68)
is associated. Here the supertrace counts positively (negatively) the number of degrees of
freedom of the corresponding particle and M2(φ) denotes the field-depended mass that usually
has the form
M2(φ) = κφ2 + κ′. (69)
Momentum integral (68) can be evaluated in the theory defined with a momentum cut-off Λ
∆V (φ) = − Λ
4
128π2
STr1 +
Λ2
32π2
STrM2(φ) +
1
64π2
STrM4(φ)
(
ln
M2(φ)
Λ2
− 1
2
)
, (70)
where all the terms that vanish in the limit Λ → ∞ are neglected. The first term in (70)
contributes to the vacuum energy (cosmological constant). From (69) and the second term of
(70) one can deduce the quadratic dependence of the Higgs mass on the cut-off momentum (see
the next section). The last term in (70) gives rise to the effective Higgs boson self-couplings.
Clearly, the nonzero effective Higgs self-interactions will be generated even if one sets the initial
self-coupling constant λ to zero. However, as was pointed out in the previous section, the
negative top-quark contribution in this case (λ ≈ 0) will dominate and will make the potential
unbounded from below.
It should be noted that one usually uses the renormalized form of potential (68). In this
form there is no (nonanalytical) dependence of the result on the regularization parameter, e.g.,
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on the cut-off Λ. However, one needs to introduce an auxiliary normalization scale M in order
to define renormalized parameters and fields. Independence of the physics on the mass scale
M can be used to extend the domain of the validity of the one-loop approximation by means
of renormalization group method (see, e.g. [33]).
Detailed study of the effective potential can be found, e.g., in [34, 35]. For completeness
in Table I we present the values of κ and κ′ from (69) together with the number of degrees of
freedom n for particles of the SM that give a dominant contribution to the effective potential.
Particle κ κ′ n
W± g22/4 0 2× 3
Z (g22 + g
2
1)/4 0 3
t λ2t /2 0 4× 3
h 3λ m2 1
ζ λ m2 3× 1
TABLE I: Field-dependent masses of the SM particlesM2(φ) = κφ2+κ′ together with the correspond-
ing numbers of degrees of freedom n. Massive vector bosons W+, W−, and Z have 3 polarizations.
The top quark t besides usual 4 fermionic degrees of freedom has extra 3 color degrees of freedom. The
Higgs field h and 3 Nambu-Goldstone bosons ζ±,0 are scalars and have only one degree of freedom.
When φ = v, one obtains usual expressions for the tree-level masses.
F. Quantum instability of the Higgs mass in the SM
There is also quantum level instability of the Higgs physics in the SM. The above-mentioned
radiative corrections are actually very severe for the (tachionic) mass term of the Higgs po-
tential, since it reveals itself to be highly dependent on the ultra-violet (UV) physics cut-off Λ
(which leads to the so-called hierarchy problem) [22]. The one-loop (quantum) contributions
to the calculated SM Higgs boson mass Mh can be presented as [22, 36]
δM2h =
(
9
4
g22 +
3
4
g21 − 6λ2t + 6λ
)
Λ2
32π2
. (71)
The SM (only) particles give unnaturally large corrections to the Higgs mass, they destabilize
the Higgs vacuum expectation value v and tend to push it towards the UV cut-off Λ of the SM.
The triviality and instability problems of the Higgs quartic self-coupling λ can be avoided
if one can find symmetry which can relate λ with gauge coupling(s), for instance, in the form
λ = g2. In this case, λ would automatically possess the good UV asymptotically free behavior
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of the gauge coupling. Such a situation is realized in the supersymmetric (SUSY) theories. Just
for illustration, one can have a look at the SUSY neutral scalar Higgs potential from [36]
V (H0u, H
0
d) = (|µ|2 +m2Hu)|H0u|2 + (|µ|2 +m2Hd)|H0d |2 − (bH0uH0d + h.c.)
+
1
8
(g22 + g
2
1)(|H0u|2 − |H0d |2)2. (72)
Here H0u and H
0
d are neutral components of the relevant SUSY Higgs fields, µ, mHd,u , and b are
some SUSY parameters, and g1, g2 weak gauge couplings.
Some other reviews of the SM Higgs constraints can be found, for example, in [37, 38]. In
[37], the two-loop Higgs mass upper bounds were reanalyzed. It was shown that the previous
results for a cut-off scale Λ ≈ few TeV are too stringent. For Λ = 1019 GeV it was found
that Mh < 180± 4± 5 GeV, where the first error gives theoretical uncertainty and the second
error reflects the experimental uncertainty in the top quark mass. A SM Higgs mass in the
range of 160 to 170 GeV will certainly allow for a perturbative and well-behaved SM up to the
Planck-mass scale ΛPl ≃ 1019 GeV, with no need for new physics to be set in below this scale
[37].
The correlation between the Higgs mass of the SM and the scale at which the new physics
is expected to occur is studied in [38]. Particular attention was paid to the constraint imposed
by the absence of the fine-tuning in the Higgs mass parameter (the Veltman condition). The
Veltman condition (compare with the second term in (70) and eq. (71))
Λ2
32π2
STrM2(φ) = 0
cancels the 1-loop quadratically divergent contributions to the effective potential. Considering
the coefficient in front of the φ2 term in the above equation one can deduce that 3(2M2W +
M2Z +M
2
h − 4M2t ) = 0 which results in the relation Mh = (317± 11) GeV for the Higgs mass
[38]. It was found that the fine-tuning condition places a significant constraint also on the new
physics scale for the Higgs mass range 100 GeV< Mh < 200 GeV mostly unconstrained by the
classic constraints of unitarity, triviality, and vacuum stability [38].
In fact, all above-mentioned constraints (triviality, unitarity, stability, etc) on the Higgs
mass are tightly connected with the scale Λ, where one can, or should expect the new physics
phenomena to occur (see, for example [4]).
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G. Higgs vacuum and Cosmology
Closing this section we touch a less important question arising in the cosmology due to the
Higgs mechanism and the nonzero vacuum expectation value of the scalar field. From sections
IIA and IIB one concludes that the vacuum state corresponds to the negative value of the
scalar potential in the minimum (7): V (v)min = −λv
4
4
. With v ≃ 246 GeV, one has V (v)min ≃
−109λ GeV4 and this is the contribution to vacuum energy of the Universe due to spontaneous
symmetry breaking. It is known from the cosmological observations that the total energy
density of the Universe is rather small. It is at a level of 10−4 GeV/cm3. Using the relation
1 GeV3 = 1.3×1041 cm−3 (when c = ~ = 1), one has a huge value V (v)min ≃ −1050λ GeV/cm3
for the Higgs contribution to the vacuum. For reasonable λ ≃ 0.1 (0.001) one obtains the
contribution which 1054 (1052) times larger than the total energy of the Universe. One solution
to avoid this horrible situation is very simple. It is sufficient to add a constant term (bare
cosmological constant) to the potential and forget about the discrepancy. For example, the
scalar potential can be taken in the form [22, 39, 40]
V (φ) =
λ
4
(
φ2 − v2)2
which has in its minimum V (φ = v)min = 0, by construction. Nevertheless, if one takes
the problem more seriously, then to reach agreement of the Higgs vacuum energy with its
Universe value, one should adjust the constant with accuracy 10−54 or so. The task looks
completely meaningless, and reflects a famous problem of the Einstein’s cosmological constant.
Furthermore, including gravity into consideration one should take into account this above-
mentioned Higgs vacuum term which strongly changes the space-time geometry [17]. This
observation gives one an almost obvious hint that the spontaneous symmetry breaking Higgs
mechanism has to be tightly connected with gravity.
IV. OTHER WAYS TO ELECTRO-WEAK SYMMETRY BREAKING
Following Haber [1], a very short list of other possible ways for electro-weak symmetry
breaking (EWSB) and particle mass generation is given in this section.
In addition to the scalar dynamics of the SM, there have been many theories to explain
the mechanism of EWSB. Some theories employ weakly-coupled scalar dynamics, while others
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employ strongly-coupled dynamics of a new sector of particles. The motivation of nearly all
proposed theories of EWSB beyond the SM is to address theoretical problems of naturalness
and hierarchy. The light Higgs bosons of Little Higgs models [41] are nearly indistinguishable
from the elementary Higgs scalars of the weakly-coupled EWSB theories. However, the new
physics phenomena must enter here near the TeV scale to cancel out the one-loop quadratic
sensitivity of the theory to the ultraviolet scale. These theories have an implicit cut off of
about 10 TeV, above which one would need to find their ultraviolet completions. The extra-
dimensional theories of EWSB [42] lead to new models of the EWSB dynamics, including the
so-called “Higgsless” models [43, 44] in which there is no light Higgs scalar in the spectrum.
Such models also require an ultraviolet completion at a scale characterized by the inverse radius
of extra dimension. Models of strongly-coupled EWSB sectors [45] include technicolor models,
composite Higgs models of various kinds, top-quark condensate models, etc.
The new physics beyond the SM can be of two types — decoupling [46] or non-decoupling.
The virtual effects of “decoupling” physics beyond the SM typically scale as m2Z/M
2, where
M is a scale characteristic of the new physics. Examples of this type include “low-energy”
supersymmetric theories with soft-supersymmetry-breaking masses of O(M). In contrast, some
of the virtual effects of “non-decoupling” physics do not vanish as the characteristic scale
M → ∞. A theory with a fourth generation fermion and technicolor models are examples of
this type. Clearly, the success of the SM electroweak fit places stronger restrictions on non-
decoupling new physics. Nevertheless, some interesting constraints on decoupling physics can
also be obtained. For example, even in theories of the new physics that exhibit decoupling,
the scale M must be somewhat separated from the scale mZ (to avoid a conflict with the SM
electroweak fit). This leads to a tension with the requirements of naturalness which has been
called the “little hierarchy problem” [47] in the literature.
V. CONCLUSION
The Higgs mechanism in the framework of the Standard Model is reviewed. The discussions
of the Higgs self-coupling λ parameter and the bounds for the Higgs boson mass are presented
in detail. In particular, the unitarity, triviality and stability constraints on λ are discussed. The
generation of the finite value for the λ parameter due to quantum corrections via the effective
potential is illustrated. A simple case with both the top-Higgs Yukawa coupling and the Higgs
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self-coupling λ equal to 1 is considered and the top quark mass to be 174.1 GeV and Higgs
boson mass to be 348.2 GeV are predicted. A short list of other ways for the electro-weak
symmetry breaking and the particle mass generation beyond the Standard Model is given.
Finally, following L.B. Okun [39, 40, 48], we would like to stress that it looks like that there
is no way out of scalar particles. They are inevitable. With these scalars the most fundamental
problems of modern particle physics are connected, in particular, they are the problem of
particle mass generation, the cosmological inflation, and the dark energy. While vector fields
describe the dynamics of interactions, the scalar fields are responsible for inertia. While vector
fields are results of local symmetry, the scalar fields carry the symmetry breaking function, the
function of the same level of importance. Therefore, the most important task of current physics
research is to discover scalar particles and study their properties [48].
This work was supported by the Russian Foundation for Basic Research (grants 06–02–
04003 and 05–02–17603). The authors thank Prof. J.A. Budagov and D.I. Kazakov for fruitful
collaboration and for useful discussions.
VI. APPENDICES
A. The Standard Model before electroweak symmetry breaking
The electroweak theory of Glashow, Weinberg, and Salam [5–7] describes the electromagnetic
and weak interactions between quarks and leptons. It is the Yang–Mills theory [49] constructed
on the symmetry group SU(2)L×U(1)Y. Combined with quantum chromodynamical (QCD)
SU(3)C gauge theory of strong interactions [8–11], it has the name of the Standard Model
(SM). Pattern of interactions (governed by underlying symmetries and given in the form of
Lagrangians) and the field content are both two main ingredients of the SM. The model (before
the electroweak symmetry breaking) has two kinds of fields. First, there are three generations
of left-handed and right-handed chiral (matter fields) quarks and leptons, fL,R =
1
2
(1 ∓ γ5)f .
The left-handed fermions are in weak isodoublets (with the third component of the weak isospin
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T 3fL = ±12), while the right-handed fermions are weak isosinglets (with T 3fR = 0)
L1 =

νeL
e−L

 , eR1 = e−R, Q1 =

uL
dL

 , uR1 = uR, dR1 = dR;
L2 =

νµL
µ−L

 , eR2 = µ−R, Q2 =

cL
sL

 , uR2 = cR, dR2 = sR;
L3 =

ντL
τ−L

 , eR3 = τ−R , Q3 =

 tL
bL

 , uR3 = tR, dR3 = bR.
(73)
The fermion hypercharge
Yf = 2Qf − 2T 3f , (74)
defined in terms of the third component of the weak isospin T 3f and the electric charge Qf in
units of the proton charge +e is given by (i=1,2,3)
YLi = −1, YeRi = −2, YQi =
1
3
, YuRi =
4
3
, YdRi = −
2
3
. (75)
Moreover, the quarks are triplets under the SU(3)C group, while leptons are color singlets. This
leads to the relation
∑
f Yf =
∑
f Qf = 0 which ensures the cancellation of chiral anomalies
within each generation, thus preserving the renormalizability of the electroweak theory (see,
for example [4]).
Second, there are gauge fields corresponding to spin-one bosons that mediate interactions.
In the electroweak sector, one has the field Bµ which corresponds to the generator Y of the
U(1)Y group and the three fields W
1,2,3
µ which correspond to the generators Ti =
1
2
τi of the
SU(2)L group with the commutation relations between these generators
[T i, T j] = iǫijkTk and [Y, Y ] = 0. (76)
Here ǫijk is the antisymmetric tensor and non-commuting 2 × 2 Pauli matrices have their
standard form
τ1 =

 0 1
1 0

 , τ2 =

 0 −i
i 0

 , τ3 =

 1 0
0 −1

 . (77)
There is an octet of gluon fields Gaµ in the strong interaction sector. The gluon octet correspond
to 8 generators of the SU(3)C group which obey the relations
[T a, T b] = ifabcTc, with Tr[T
aT b] =
1
2
δab
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where the tensor fabc is for the structure constants of the SU(3)C group. The field strengths
are given by
Gaµν = ∂µG
a
ν − ∂νGaµ + gs fabcGbµGcν ,
W aµν = ∂µW
a
ν − ∂νW aµ + g2 ǫabcW bµW cν ,
Bµν = ∂µBν − ∂νBµ,
where gs, g2 and g1 are, respectively, the coupling constants of SU(3)C, SU(2)L and U(1)Y. There
are triple igiTr(∂νVµ−∂µVν)[Vµ, Vν ] and quartic 12g2i Tr[Vµ, Vν ]2 self-interactions between non-
Abelian gauge fields Vµ ≡ Wµ (SU(2) group) or Gµ (SU(3) group). The matter fields ψ are
coupled to the gauge fields through the covariant derivative
Dµψ =
(
∂µ − igsTaGaµ − ig2TiW iµ − ig1
Yq
2
Bµ
)
ψ (78)
which leads to unique couplings between the fermion and gauge fields −giψVµγµψ.
The SM Lagrangian before electroweak symmetry breaking (without mass terms for fermions
and gauge bosons) is given by
LSM = −1
4
GaµνG
µν
a −
1
4
W aµνW
µν
a −
1
4
BµνB
µν (79)
+L¯i iDµγ
µ Li + e¯Ri iDµγ
µ eRi + Q¯i iDµγ
µQi + u¯Ri iDµγ
µ uRi + d¯Ri iDµγ
µ dRi.
This Lagrangian is invariant under local SU(3)C × SU(2)L × U(1)Y gauge transformations for
fermion and gauge fields. For instance, in the electroweak sector one has
L(x)→ L′(x) = eiαi(x)T i+iβ(x)Y L(x), R(x)→ R′(x) = eiβ(x)YR(x),
~Wµ(x)→ ~Wµ(x)− 1
g2
∂µ~α(x)− ~α(x)× ~Wµ(x), Bµ(x)→ Bµ(x)− 1
g1
∂µβ(x). (80)
Up to now, the gauge and fermion fields have been kept massless. In the case of strong
interactions, the gluons are indeed massless particles while mass terms of the form −mqψψ
can be generated for the colored quarks in an SU(3) gauge invariant way. In the electroweak
sector is it impossible to do so. ‘By-hand” incorporation of mass terms for gauge bosons and
fermions leads to a breakdown of the local SU(2)L ×U(1)Y gauge invariance. Only due to
spontaneous symmetry breaking one can generate the gauge boson and the fermion masses
without violating SU(2)×U(1) gauge invariance.
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The Standard Model after the electroweak symmetry breaking
The basis of the Standard Model is the SU(3)×SU(2)×U(1) gauge invariance together with
the electroweak symmetry breaking (Higgs) mechanism (see, for example [4]). The Higgs mech-
anism of spontaneous symmetry breaking and mass generation in the SM is given in detail in
section IID. Below only some most important relations following from the Higgs mechanism
are collected.
The scalar field vacuum expectation value v is fixed in terms of the W boson mass MW and
the Fermi constant GF
MW =
g2v
2
=
(√
2g22
8GF
)1/2
and v =
1
(
√
2GF)1/2
≃ 246 GeV. (81)
The muon decay lifetime is very precisely measured experimentally. It is directly related to
the Fermi coupling constant by means of the following relation which includes QED corrections
[50–52]
1
τµ
=
G2Fm
5
µ
192π3
(
1− 8m
2
e
m2µ
)[
1 + 1.810
α
π
+ (6.701± 0.002)
(α
π
)2]
(82)
where me and mµ are the electron and muon masses and α is the fine-structure constant. From
(82) one has the precise value of the Fermi constant [20]
GF = (1.16637± 0.00001) · 10−5 GeV−2. (83)
In the SM, the muon decay occurs through gauge interactions mediated by W boson exchange
and, therefore, one obtains a relation between the W , Z masses, α and GF
GF√
2
=
g2
2
√
2
· 1
M2W
· g2
2
√
2
=
πα
2M2W s
2
W
=
πα
2M2W (1−M2W/M2Z)
,
g22
4
=
πα
sin2 θ
. (84)
From these relations one can derive formula (81). The gauge field rotation to the physical gauge
bosons (mass eigenstates), given by relation (36), defines the electroweak mixing angle sin θW
which can also be written in terms of the W and Z boson masses
sin θW =
g1√
g21 + g
2
2
=
e
g2
, sin2 θW = 1− M
2
W
M2Z
. (85)
Using the fermionic part of the SM Lagrangian (79), written in terms of the new fields and
writing explicitly the covariant derivative one obtains
LNC = eJAµ Aµ +
g2
cos θW
JZµ Z
µ,
LCC = g2√
2
(J+µ W
+µ + J−µ W
−µ) (86)
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for the neutral and charged current parts, respectively. The currents Jµ are then given by
JAµ = Qf f¯γµf,
JZµ =
1
4
f¯γµ[(2T
3
f − 4Qf sin2 θW )− γ5(2T 3f )]f,
J+µ =
1
2
f¯uγµ(1− γ5)fd (87)
where fu(fd) is the up-type (down-type) fermion of isospin +(−)12 [4].
In terms of the electric charge Qf of the fermion f and with the left-handed weak isospin
of the fermion T 3f = ±12 and the weak mixing angle s2W = 1− c2W ≡ sin2 θW , one can write the
vector and axial vector couplings of the fermion f to the Z boson
vf =
vˆf
4sW cW
=
2T 3f − 4Qfs2W
4sW cW
, af =
aˆf
4sW cW
=
2T 3f
4sW cW
(88)
where we also defined the reduced Zff¯ couplings vˆf , aˆf . In the case of the W boson, its vector
and axial-vector couplings to fermions are simply
vf = af =
1
2
√
2sW
=
aˆf
4sW
=
vˆf
4sW
. (89)
These results are only valid in the one-family approximation. While the extension to three
families is straightforward for neutral currents, there is a complication in the case of the charged
currents due to the fact that the current eigenstates for quarks q′ are not identical to the mass
eigenstates q. If we start by u-type quarks being mass eigenstates, in the down-type quark
sector, the two sets are connected by a unitary transformation
(d′, s′, b′) = V (d, s, b) (90)
where V is the 3×3 Cabibbo–Kobayashi–Maskawa (CKM) matrix. The unitarity of V insures
that the neutral currents are diagonal in both the bases. This is the GIM mechanism which
ensures a natural absence of flavor changing neutral currents (FCNC) at the tree level in the
SM. For leptons, the mass and current eigenstates coincide, since in the SM the neutrinos are
assumed to be massless, which is an excellent approximation in most purposes.
Note that the relative strength of the charged and neutral currents, JµZJµZ/J
µ+J−µ can be
measured by the parameter ρ which, using the previous formulas, is given by
ρ =
M2W
c2WM
2
Z
(91)
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and is equal to unity in the SM due to (85). This is a direct consequence of the choice of the
representation of the Higgs field responsible for breaking of the electroweak symmetry. In a
model which makes use of an arbitrary number of Higgs multiplets Φi with isospin Ii, the third
component I3i and vacuum expectation values vi, one obtains for this parameter
ρ =
∑
i [Ii(Ii + 1)− (I3i )2] v2i
2
∑
i(I
3
i )
2v2i
(92)
which is also unity for an arbitrary number of doublet as well as singlet fields. This is due
to the fact that in this case, the model has custodial SU(2) global symmetry (V (Φ) in (26)
is invariant under global O(4)). In the SM, this symmetry is broken at the loop level when
fermions of the same doublets have different masses and by the hypercharge group.
Finally, self-couplings among the gauge bosons are present in the SM as a consequence of
the non-Abelian nature of the SU(2)L × U(1)Y symmetry. These couplings are dictated by the
structure of the symmetry group and, for instance, triple self-couplings among the W and the
V = γ, Z bosons are given by
LWWV = igWWV
[
W †µνW
µV ν −W †µVνW µν +W †µWνV µν
]
(93)
with gWWγ = e and gWWZ = ecW/sW . (for more details see, for example, [4]).
The SM particle masses
The top quark possessing the heaviest mass of currently known elementary particle plays a
very important role not only in the Higgs boson physics. The top quark was produced, for the
first time, at the Tevatron in the reaction pp¯ → qq¯/gg → tt¯, and now it is under permanent
investigation at FNAL by the CDF and DØ collaborations. In the SM, the top quark almost
always decays into a b quark and aW boson. The width t→ bW+ is given by (see, for example,
[4, 53, 54] and references therein)
Γt ≃ Γ(t→ bW+) = GFm
3
t
8
√
2π
|Vtb|2
(
1− M
2
W
m2t
)2(
1 + 2
M2W
m2t
)(
1− 2.72αs
π
)
+O(α2s, α) (94)
and is of the order of Γt ≃ 1.8 GeV for mt ≃ 180 GeV. Here |Vtb| is the top-bottom CKM
matrix element and αs is the strong coupling constant. The modern, average (over CDF and
DØ), mass value for the top quark is given by the PDG-2006 [20]
mt = 174.2± 3.3 GeV. (95)
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Given the experimental technique used to extract the top mass, these mass values should be
taken as representing the top pole mass [20], which corresponds to the pole in the top-quark
propagator. For an observable particle such as the electron the pole mass is equal to its
physical mass. It is well known that the pole mass for the quark cannot be used to arbitrarily
high accuracy because of the nonperturbative infrared effects in QCD which are of an order of
O(ΛQCD) (see, e.g., [20]). For the top quark mass one can neglect this intrinsic ambiguity, since
the experimental errors are much higher. However, for the b- and c-quarks the ambiguity is
significant, e.g., it is about 10% for the b-quark pole mass, so one usually has to define a more
appropriate quark mass parameter. For example, at high energies the so called “short-distance”
running mass mQ(µ) is used, since it is insensitive to any “physics” at the distances larger than
the scale of 1/µ. Usually, one uses a modified minimal subtraction scheme MS to define this
quantity. In particular, for the running bottom and charm masses the PDG-2006 [20] gives
mb(mb) = 4.20± 0.07 GeV, mc(mc) = 1.25± 0.09 GeV.
For the strange quark one can typically use the value ms(1GeV) = 0.2 GeV. The masses of
light u, d quarks, being very small in comparison with the Higgs boson mass, are not given
here.
In case one needs top quark running mass, one can use the relation between the pole masses
and the running masses [55–58]
mQ(mQ) = mQ
[
1− 4
3
αs(mQ)
π
+ (1.0414Nf − 14.3323)α
2
s(mQ)
π2
]
+(−0.65269N2f + 26.9239Nf − 198.7068)
α3s(mQ)
π2
]
(96)
where αs is the MS strong coupling constant evaluated at the scale of the pole mass µ = mQ,
and Nf is the number of (active) quark flavors.
The evolution of mQ from the scale mQ upward to a renormalization scale µ is
mQ (µ) = mQ (mQ)
c [αs (µ)/π]
c [αs (mQ)/π]
(97)
with the function c, up to three-loop order, given by [59–62]
c(x) = (25x/6)12/25 [1 + 1.014x+ 1.389 x2 + 1.091 x3] for mc < µ < mb
c(x) = (23x/6)12/23 [1 + 1.175x+ 1.501 x2 + 0.1725 x3] for mb < µ < mt
c(x) = (7x/2)4/7 [1 + 1.398x+ 1.793 x2 − 0.6834 x3] for mt < µ.
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The values of the running t-, b-, and c-quark masses at the scale µ = MZ = 91 GeV are [63]
mt(MZ) = 172.6 GeV, mb(MZ) = 2.87 GeV, mc(MZ) = 0.60 GeV.
The PDG-2006 [20] masses of the charged leptons are the following:
mτ = 1.777 GeV, mµ = 0.1057 GeV, me = 0.511 MeV.
Finally, the masses and total decay widths of the two main gauge bosons are [20]
MZ = 91.1876± 0.0021 GeV, ΓZ = 2.4952 ± 0.0023 GeV;
MW = 80.403± 0.029 GeV, ΓW = 2.141 ± 0.041 GeV.
B. The Higgs mechanism with extra φ3-term
Consider a Lagrangian for scalar real field φ
L = 1
2
∂µφ ∂
µφ− V (φ), where V (φ) = 1
2
µ2φ2 +
1
3
κφ3 +
1
4
λφ4. (98)
The Lagrangian (98) “pretends to describe” a spin-zero particle of mass µ (with cubic and
quadric self-interactions). It is not invariant under the reflexion symmetry φ→ −φ, since there
is explicitly a cubic term. Since the potential should be bounded from below the self-coupling
λ > 0. However, contrary to the ordinary Higgs potential (without the extra φ3-term), also in
the case when the mass term µ2 > 0, the potential V (φ) can, in principle, be negative for some
φ due to the presence of the cubic term. This means that, for example, for λ > 0, µ2 > 0,
κ 6= 0 (with an arbitrary sign of κ) the potential can be negative for some φ and, therefore,
can have a minimum (see Fig. 2). In general, any minimum of the potential can be obtained
for 〈0|φ|0〉 ≡ φ0 which solves a minimum (extremum) condition
∂V/∂φ = φ(µ2 + κφ+ λφ2) = 0. (99)
There are 3 solutions. One is obviously φ
(3)
0 = 0, which gives V (φ
(3)
0 ) = 0. In principle, the two
other solutions can be those of the quadratic equation λφ2 + κφ+ µ2 = 0 (if κ2 − 4λµ2 > 0)
φ
(1,2)
0 =
−κ±
√
κ2 − 4λµ2
2λ
.
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FIG. 2: The potential V of the scalar field φ in the case µ2 = 1, κ = 2.5 and λ = 1. In this case there
are 3 extrema at φ(3) = 0 with V (φ
(3)
0 ) = 0; φ
(2) = −1/2 with V (φ(3)0 ) ≈ 0.0365 (local maximum) and
φ(1) = −2 with V (φ(3)0 ) = −0.6 (the only real minimum).
It is obvious that (if κ2 − 4λµ2 > 0) |φ(1)0 | 6= |φ(2)0 | and in general V (φ(1)0 ) 6= V (φ(2)0 ). Therefore,
only one real minimum for the potential V exists (see Fig. 2). It is important to note that there
are no any solutions φ
(1,2)
0 if κ
2 − 4λµ2 < 0 and the true minimum stays at φ(3)0 = 0.
To simplify the problem, let us assume a “massless” scalar field φ with µ2 = 0. In this case,
due to φ
(1,2)
0 =
−κ±
√
κ2
2λ
one has only one nonzero φ0, say
φ
(1)
0 =
−κ
λ
≡ v, and φ(3)0 = φ(2)0 = 0. (100)
Here the only quantity v ≡ 〈 0|φ|0 〉 can be (as before) called the vacuum expectation value
(vev) of the scalar field φ and has a sign opposite to κ. Lagrangian (98) no longer describes
a particle with mass µ (or ever a massless particle when µ2 = 0). To interpret correctly the
theory, one must expand around the real minimum v by defining the field σ as φ = v + σ and
assuming that 〈 0|σ|0 〉 = 0. In terms of the new field σ, the potential V (φ) of (98) becomes
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(µ2 = 0 is assumed and κ = −vλ is used)
V (φ) = V (σ) =
κ
3
φ3 +
λ
4
φ4 =
(
κ
3
+
λ
4
φ
)
φ3 =
(
−λ
3
v +
λ
4
v +
λ
4
σ
)
(v + σ)3 =
=
λ
4
(
σ − v
3
)
(v + σ)3 =
λ
4
(
σ − v
3
)
(v3 + σ3 + 3v2σ + 3vσ2) =
=
λ
4
(
σ(v3 + σ3 + 3v2σ + 3vσ2)− v
3
(v3 + σ3 + 3v2σ + 3vσ2)
)
=
=
λ
4
(
v3σ + σ4 + 3v2σ2 + 3vσ3 − v
4
3
− v
3
σ3 − v3σ − v2σ2
)
=
=
λ
4
(
−v
4
3
+ σ4 + (v3σ − v3σ) + (3v2σ2 − v2σ2) + (3− 1
3
)vσ3
)
=
=
λ
4
(
−v
4
3
+ σ4 + 2v2σ2 +
8
3
vσ3
)
=
λv2
2
σ2 +
2λv
3
σ3 +
λ
4
σ4 − λv
4
12
.
Finally, in terms of σ the Lagrangian (98) becomes
L = 1
2
∂µσ ∂
µσ − V (σ) = 1
2
∂µσ ∂
µσ − λv
2
2
σ2 − 2λv
3
σ3 − λ
4
σ4 +
λv4
12
.
This is the theory of a scalar field of mass m2 = λv2 = −vκ > 0, with σ3 and σ4 being self-
interactions. Note here m2 = λv2 = 1
2
m2κ=0 (standard Higgs mechanism). This is, perhaps, due
to our assumption µ2 = 0. Since the cubic terms in the initial Lagrangian, no any reflexion
symmetry was broken. Therefore, one obtains a nonzero vev for the initial massless scalar field
φ, one got a mass for the new scalar field σ without any spontaneously broken symmetry.
Now one should prove that the σ cubic term does not spoil the zero-vev status of the σ field.
On this way one could obtain constraints on the term −2λv
3
σ3.
Indeed, now again one has a σ3 term in the potential
V (σ) =
λv2
2
σ2 +
2λv
3
σ3 +
λ
4
σ4 − λv
4
12
=
λ
4
(
2v2σ2 +
8
3
vσ3 + σ4 − v
4
3
)
.
The goal is to avoid any minimum at σ 6= 0. Applying now the extremum condition (99) to
this potential one can obtain it in the form
∂V
∂σ
= λv2σ + 2λvσ2 + λσ3 = λσ(σ2 + 2vσ + v2) = λσ(σ + v)2 = 0. (101)
There are two solutions of the equation: σ = 0 and σ = −v. Substituting both into the
potential above one finds
V (σ = 0) = −λv
4
12
< 0 and V (σ = −v) = 0.
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Therefore, always a true minimum is at σ = 0.
Finally, it looks like that in the SM with the complex SU(2) doublet of scalar fields Φ given
by eq. (25) it is also possible to use the “φ3” term if the Higgs potential (26) is taken, say, in
the form
V (Φ) = µ2 |Φ|2 + 2
√
2
3
κ |Φ|3 + λ |Φ|4, where |Φ| =
√
Φ†Φ.
C. Some relations
Consider in detail transformaton of the Abelian Largangian from section IIC, eq. (20)
L = −1
4
FµνF
µν + (∂µ + ieAµ)φ
∗(∂µ − ieAµ)φ− V (φ) (102)
with V (φ) = µ2φ∗φ+ λ(φ∗φ)2 (103)
after substitution in it of the complex scalar field in the form
φ(x) =
1√
2
(v + η(x) + iξ(x)) ≡ 1√
2
(v + φ1 + iφ2).
The product of the covariant derivatives from (102) becomes
(Dµφ)
∗(Dµφ) ≡ (∂µ + ieAµ)φ∗ (∂µ − ieAµ)φ = (∂µφ∗ + ieAµφ∗) (∂µφ− ieAµφ)
= (∂µφ)
∗(∂µφ)− ie(∂µφ)∗Aµφ+ ie(∂µφ)Aµφ∗ + e2AµAµ φ∗φ. (104)
Furthermore
(∂µφ)
∗ =
(
∂µ
1√
2
(v + η + iξ)
)∗
=
1√
2
(∂µη − i∂µξ) ,
(∂µφ) =
(
∂µ
1√
2
(v + η + iξ)
)
=
1√
2
(∂µη + i∂µξ) ,
(∂µφ)
∗(∂µφ) =
1
2
(∂µη ∂
µη + i∂µη ∂
µξ − i∂µξ ∂µη + ∂µξ ∂µξ) = 1
2
∂µη ∂
µη +
1
2
∂µξ ∂
µξ,
(∂µφ)
∗φ =
1
2
(∂µη − i∂µξ) (v + η + iξ) = v
2
(∂µη − i∂µξ) + 1
2
(∂µη − i∂µξ) (η + iξ) =
=
v
2
(∂µη − i∂µξ) + 1
2
(η∂µη + iξ∂µη − iη∂µξ + ξ∂µξ) ,
(∂µφ)φ∗ =
1
2
(∂µη + i∂µξ) (v + η − iξ) = v
2
(∂µη + i∂µξ) +
1
2
(∂µη + i∂µξ) (η − iξ) =
=
v
2
(∂µη + i∂µξ) +
1
2
(η∂µη − iξ∂µη + iη∂µξ + ξ∂µξ) ,
φ∗φ =
1
2
(v + η − iξ) (v + η + iξ) = 1
2
(
(v + η)2 + ξ2
)
=
1
2
(
v2 + 2vη + η2 + ξ2
)
,
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(φ∗φ)2 =
1
4
(
v2 + 2vη + η2 + ξ2
) (
v2 + 2vη + η2 + ξ2
)
=
=
v2
4
(
v2 + 2vη + η2 + ξ2
)
+
vη
2
(
v2 + 2vη + η2 + ξ2
)
+
η2
4
(
v2 + 2vη + η2 + ξ2
)
+
ξ2
4
(
v2 + 2vη + η2 + ξ2
)
=
1
4
(
v4 + 2v3η + v2η2 + v2ξ2 + 2v3η + 4v2η2 + 2vη3 + 2vηξ2
+ v2η2 + 2vη3 + η4 + ξ2η2 + v2ξ2 + 2vηξ2 + η2ξ2 + ξ4
)
=
1
4
(
v4 + η4 + ξ4 + 4v3η + 6v2η2 + 2v2ξ2 + 4vη3 + 4vηξ2 + 2η2ξ2
)
.
Substituting these expansions in the derivative product (104) and the potential (103) one
obtians
(Dµφ)
∗(Dµφ) = (∂µφ)
∗(∂µφ) + e2AµA
µ φ∗φ− ieAµ(∂µφ)∗φ+ ieAµ(∂µφ)φ∗ =
=
1
2
∂µη ∂
µη +
1
2
∂µξ ∂
µξ +
e2
2
AµA
µ(v2 + 2vη + η2 + ξ2)
−iev
2
Aµ(∂µη − i∂µξ)− ie
2
Aµ(η∂µη + iξ∂µη − iη∂µξ + ξ∂µξ)
+
iev
2
Aµ(∂
µη + i∂µξ) +
ie
2
Aµ(η∂
µη − iξ∂µη + iη∂µξ + ξ∂µξ) =
=
1
2
∂µη ∂
µη +
1
2
∂µξ ∂
µξ +
e2v2
2
AµA
µ +
e2
2
AµA
µ(2vη + η2 + ξ2)− evAµ∂µξ
−ie
2
(Aµ(η∂µη + iξ∂µη − iη∂µξ + ξ∂µξ)− Aµ(η∂µη − iξ∂µη + iη∂µξ + ξ∂µξ))
(Dµφ)
∗(Dµφ) =
1
2
∂µη ∂
µη +
1
2
∂µξ ∂
µξ +
e2v2
2
AµA
µ +
e2
2
AµA
µ(2vη + η2 + ξ2)− evAµ∂µξ
+ eAµξ∂µη − eAµη∂µξ.
V (φ) = µ2φ∗φ+ λ(φ∗φ)2 =
µ2
2
(
v2 + 2vη + η2 + ξ2
)
+
λ
4
(
v4 + η4 + ξ4 + 4v3η + 6v2η2 + 2v2ξ2 + 4vη3 + 4vηξ2 + 2η2ξ2
)
.
With the minimun realtion µ2 = −v2λ the potential becomes
V (φ) = −v
2λ
2
(
v2 + 2vη + η2 + ξ2
)
+
λ
4
(
v4 + η4 + ξ4 + 4v3η + 6v2η2 + 2v2ξ2 + 4vη3 + 4vηξ2 + 2η2ξ2
)
=
= −v
4λ
2
− v3λη − v
2λ
2
η2 − v
2λ
2
ξ2
+
v4λ
4
+
λ
4
η4 +
λ
4
ξ4 + v3λη +
3v2λ
2
η2 +
v2λ
2
ξ2 + vλη3 + vληξ2 +
λ
2
η2ξ2
V (φ) = −v
4λ
4
+ v2λη2 +
λ
4
η4 +
λ
4
ξ4 + vλη3 + vληξ2 +
λ
2
η2ξ2.
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Collecting now all terms together one can obtain the Abelian Lagrangian (102) in the form
L = −1
4
FµνF
µν + (Dµφ)
∗(Dµφ)− V (φ) =
= −1
4
FµνF
µν +
1
2
∂µη ∂
µη +
1
2
∂µξ ∂
µξ (105)
+
e2v2
2
AµA
µ +
e2
2
AµA
µ(2vη + η2 + ξ2)− evAµ∂µξ + eAµξ∂µη − eAµη∂µξ
−v2λη2 − λ
4
(η2 + ξ2)2 − vλη(η2 + ξ2) + v
4λ
4
.
With η = φ1 and ξ = φ2 the relevant Lagrangian from [13] is
L ≡ −1
4
FµνF
µν + (∂µ + ieAµ)φ∗(∂µ − ieAµ)φ− µ2φ∗φ− λ(φ∗φ)2 =
= −1
4
FµνF
µν +
1
2
(∂µφ1)
2 +
1
2
(∂µφ2)
2 − φ1(µ2 + λv2)− 1
2
φ22(µ
2 + v2λ)
+
e2v2
2
AµA
µ +
e2
2
AµA
µ(φ21 + φ
2
2) + e
2vAµA
µφ1 − evAµ∂µφ2 + eAµ(∂µφ1)φ2 − eAµ(∂µφ2)φ1
−1
2
φ21(µ
2 + 3v2λ)− λ
4
(φ21 + φ
2
2)
2 − λvφ1(φ21 + φ22) +
v4λ
4
.
In the unitary gauge (22) Lagrangian (15) or (105) with µ2 = −v2λ transforms as follows:
L = 1
2
(∂µ + ieAµ)(v + η)(∂
µ − ieAµ)(v + η)− µ
2
2
(v + η)2 − λ
4
(v + η)4 − FµνF
µν
4
=
=
1
2
(∂µη + ieAµ(v + η))(∂
µη − ieAµ(v + η))− FµνF
µν
4
−v
2λ
2
(−v2 − 2vη − η2)− λ
4
(v4 + 4v3η + 6v2η2 + 4vη3 + η4) =
=
1
2
(∂µη∂
µη − ie∂µηAµ(v + η) + ieAµ∂µη(v + η)) + 1
2
e2AµA
µ(v2 + 2vη + η2)
−FµνF
µν
4
− λ
4
(−2v4 − 4v3η − 2v2η2 + v4 + 4v3η + 6v2η2 + 4vη3 + η4)→
L = 1
2
∂µη∂
µη − 2v
2λ
2
η2 − FµνF
µν
4
+
e2v2
2
AµA
µ +
e2
2
AµA
µ(2vη + η2) +
v4λ
4
− λvη3 − λ
4
η4.
If one ignores the vector field Vµ (consider the pure complex scalar field, see section IIB and
(9)) and introduces the Higgs mass mH =
√
2λv2 ≡ √2|µ| the Lagrangian takes the form
L = 1
2
∂µη ∂
µη +
1
2
∂µξ ∂
µξ − λ
4
η4 − λ
4
ξ4 − λ
2
η2ξ2 +
v4λ
4
− m
2
H
2
η2 − vλη3 − vληξ2.
Consider transformation of the product of the covariant derivatives |DµΦ|2 (32) in the Stan-
dard Model (see section IID). First, one has to insert the explicit forms of Pauli matrices (77)
into DµΦ and then contract (DµΦ)
† and |DµΦ|2:
DµΦ =
(
∂µ − ig2 τa
2
W aµ − ig1
YH
2
Bµ
)
Φ =
41
=
((
1 0
0 1
)(
∂µ − ig1YH
2
Bµ
)
− ig2
2
((
0 1
1 0
)
W 1µ +
(
0 −i
i 0
)
W 2µ +
(
1 0
0 −1
)
W 3µ
))
Φ
=
(
∂µ − i2
(
g2W
3
µ + g1YHBµ
) − ig22 (W 1µ − iW 2µ)
− ig22 (W 1µ + iW 2µ) ∂µ + i2
(
g2W
3
µ − g1YHBµ
)
)
1√
2
(
0
v + h(x)
)
=
=
1√
2
(
− ig22 (W 1µ − iW 2µ)(v + h(x))
∂µh(x) +
i
2
(
g2W
3
µ − g1YHBµ
)
(v + h(x))
)
;
(DµΦ)† = Φ†
(
∂µ − ig2 τa
2
W µa − ig1
YH
2
Bµ
)†
=
1√
2
(
− ig22 (W µ1 − iW µ2 )(v + h(x))
∂µh(x) + i2 (g2W
µ
3 − g1YHBµ) (v + h(x))
)†
=
1√
2
(
ig2
2
(W 1µ + iW
2
µ)(v + h(x)), ∂µh(x)−
i
2
(
g2W
3
µ − g1YHBµ
)
(v + h(x))
)
;
|DµΦ|2 ≡ (DµΦ)†(DµΦ) =
∣∣∣∣
(
∂µ − ig2 τa
2
W aµ − ig1
YH
2
Bµ
)
Φ
∣∣∣∣
2
=
= Φ†
(
∂µ − ig2 τa
2
W µa − ig1
YH
2
Bµ
)†(
∂µ − ig2 τa
2
W aµ − ig1
YH
2
Bµ
)
Φ =
=
1
2
∣∣∣∣∣
(
∂µ − i2(g2W 3µ + g1YHBµ) − ig22 (W 1µ − iW 2µ)
− ig22 (W 1µ + iW 2µ) ∂µ + i2(g2W 3µ − g1YHBµ)
)(
0
v + h(x)
)∣∣∣∣∣
2
=
1√
2
(
ig2
2
(W µ1 + iW
µ
2 )(v + h), ∂
µh(x)− i
2
(g2W
µ
3 − g1YHBµ) (v + h)
)
× 1√
2
(
− ig22 (W 1µ − iW 2µ)(v + h)
∂µh(x) +
i
2
(
g2W
3
µ − g1YHBµ
)
(v + h)
)
=
=
1
2
(
− ig2
2
(W µ1 + iW
µ
2 )(v + h)
ig2
2
(W 1µ − iW 2µ)(v + h)
+
(
∂µh− i
2
(g2W
µ
3 − g1YHBµ)(v + h)
)(
∂µh+
i
2
(g2W
3
µ − g1YHBµ)(v + h)
))
=
=
g22
8
(v + h)2(W µ1 + iW
µ
2 )(W
1
µ − iW 2µ) +
1
2
∂µh(x)∂µh(x) +
1
8
(v + h)2 (g2W
µ
3 − g1YHBµ)2 ,
|DµΦ|2 = 1
2
(∂µh)
2 +
g22
8
(v + h)2|W 1µ + iW 2µ |2 +
1
8
(v + h)2(g2W
3
µ − g1YHBµ)2.
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